Abstract. Parallel to the first two authors' earlier classification of separable unital oneparameter continuous fields of Kirchberg algebras with torsion free K-groups supported in one dimension, one-parameter separable unital continuous fields of AF-algebras are classified by their ordered K0-sheaves. We prove Effros-Handelman-Shen type theorems for separable unital one-parameter continuous fields of AF-algebras and Kirchberg algebras.
be inductive limits of fields with finitely many singular points (the so-called elementary fields). Using the classification results of Kirchberg and Phillips for Kirchberg algebras, a uniqueness theorem and an existence theorem for elementary fields were proved, and hence a classification theorem for inductive limit continuous fields was obtained.
In this note, we shall show that we can use a similar procedure to get a classification of separable unital one-parameter continuous fields of AF-algebras. More precisely, noting that finite dimensional C*-algebras are semi-projective, we apply the methods of [2] to represent any separable unital continuous field of AF-algebras as an inductive limit of continuous fields of finite dimensional C*-algebras with finitely many singularities. Very much parallel to [2] , we obtain a classification of one-parameter separable unital continuous fields of AF-algebras by their ordered K 0 -sheaves pointed by the class of the unit.
The K 0 -presheaves of continuous fields of C*-algebras over [0, 1] are always continuous in the sense that, if S is a such presheaf, then for any closed subinterval is an isomorphism. Moreover, the stalk S x is isomorphic to the K 0 -group of the fibre algebra at x. If A is a unital continuous field of stably finite C*-algebras over [0, 1] , then the projection map from A onto any fibre is strictly positive at the level of the ordered K 0 -groups.
The continuity condition is a key ingredient for Effros-Handelman-Shen type theorems for both one-parameter continuous fields of AF-algebras and one-parameter continuous fields of Kirchberg algebras with trivial K 1 -groups (see Theorem 5.7 and Theorem 5.8). In the AF case, the strict positivity condition is equally important. More precisely, if a sheaf S of pointed ordered groups on [0, 1] satisfies the continuity condition and if it is strictly positive and any stalk is a dimension group, then there is a separable unital continuous field of AF-algebras the K 0 -sheaf of which is isomorphic to S. The statement of the theorem for continuous fields of Kirchberg algebras is similar, except that positivity plays no role. In the proof of these theorems, we use the continuity condition (and the strict positivity condition in the AF case) to decompose the given sheaf into an inductive limit of sheaves with finitely many singular points. Any morphism of such (elementary) sheaves lifts to a morphism of elementary continuous fields. Thus, the inductive limit of these elementary fields of C*-algebras has the given sheaf as its K 0 -sheaf.
In the last part of the paper, we study the K 0 -sheaves of separable one-parameter continuous fields whose fibres are unital hereditary sub-C*-algebras of O ∞ . These sheaves can be viewed as sheaves of integer valued functions satisfying certain properties (see Corollary 6.4) . The set of their zero points is studied in detail.
Continuous fields of C*-algebras and the invariant
Definition 2.1 ( [3] ). Let C be a class of C*-algebras and let T be a locally compact topological space. A continuous field A of C*-algebras over T with fibres in C is a family (A(t)) t∈T of C*-algebras in C, together with a set Γ ⊂ t∈T A(t) of vector fields such that:
(1) Γ is a * -subalgebra of t∈T A(t); (2) For any t ∈ T , the set {x(t) : x ∈ Γ} is dense in A(t); (3) For any x ∈ Γ, the function t → ||x(t)|| is continuous; (4) Let x ∈ t∈T A(t) be a vector field; if, for any t ∈ T and every ε > 0, there exists
x ∈ Γ such that ||x(s)−x (s)|| < ε for all s in some neighbourhood of t, then x ∈ Γ.
The subset Γ 0 (A) of x ∈ Γ such that t → ||x(t)|| vanishes at infinity on T , with norm ||x|| = sup t∈T ||x(t)|| is a C*-algebra, called the C*-algebra of the continuous field A. Γ 0 (A) is a continuous C(X)-algebra in the sense of Kasparov as well as a continuous C*-bundle in the sense of [1] .
In this paper we will be concerned mainly with continuous fields over the unit interval, i.e. one-parameter continuous fields. Abusing the terminology, we will use the same notation for a continuous field and for its C*-algebra.
2.1. Sheaves of groups. Let U be a category of closed subintervals of [0, 1] where the morphisms are the inclusions maps. We assume that {V • : V ∈ U} is a basis for the topology of [0, 1] and if V 1 , V 2 ∈ U and V 1 ∩ V 2 = ∅ then both V 1 ∪ V 2 and V 1 ∩ V 2 are in U. For example we take U to be the category of all dyadic intervals. Some of the intervals of U can have zero length.
Let V be the full subcategory of U consisting of intervals of positive length (nondegenerate intervals). A presheaf of groups on [0, 1] is a contravariant functor S from V to the category of groups. A morphism V ⊂ V is taken by S to the restriction map π V V : S(V ) → S(V ). Let V, V ∈ V be such that V ∩ V ∈ V. The restriction maps induce a natural map (2.1)
A presheaf S is a sheaf if the above map is bijective for all V, V .
Definition 2.2. A presheaf S is continuous if for any decreasing sequence of closed subintervals (V
V i = V is in V, the inductive limit lim − → S(V i ) is canonically isomorphic to S(V ). If in addition S satisfies the pullback condition (2.1), then we say that S is a continuous sheaf.
The stalk of S at a point x ∈ [0, 1], denoted by S x , is defined as the inductive limit of the groups S(V ) with x in the interior of V . The restriction map S(V ) → S x is denoted by π x . A continuous presheaf S extends naturally to a contravariant functor S on U if we set S ({x}) = S x . This extension is unique if we require that S be continuous in the sense that lim − → S (U i ) is canonically isomorphic to S (U ) for any decreasing sequence (U i ) ∞ i=1 of elements of U whose intersection ∞ i=1 U i = U is nonempty. The functor S will be also called a presheaf, or an extended presheaf if we want to emphasize that it is also defined on degenerate intervals. In the sequel we shall identify any continuous presheaf S on V with its continuous extension S to U. Remark 2.3. Let us note that if S is a continuous presheaf, then we have evaluation maps π x : S[a, b] → S x for every x ∈ [a, b] and not only for the points x in (a, b). Indeed, by continuity, any element f ∈ S[a, b] lifts to an element f ∈ S(V ) for some neighbourhood V ∈ V of [a, b] and the element π x (f ) is independent of f . If S is a continuous presheaf, it is easy to verify that the pullback condition (2.1) is equivalent to requiring that for each a < c < b with [a, c], [c, b] ∈ V the restriction maps induce an isomorphism
We are going to give an equivalent description of continuous sheaves on [0, 1]. Let (G x ) x∈[0,1] be a family of abelian groups. Suppose that for each U ∈ V a subgroup F(U ) ⊂ x∈U G x is given. The elements of F(U ) are functions and hence there is a natural restriction map
(ii) For any x ∈ [0, 1] and any a ∈ G x , there is a neighbourhood U ∈ V of x and there is f ∈ F(U ) such that f (x) = a;
(iii) For any U ∈ V and f ∈ F(U ), the null set of f , null(f ) = {x ∈ U :
We shall view the family of groups U → F(U ) together with the corresponding restriction maps as a presheaf on V.
Proposition 2.4. If the conditions (i) through (iv) are satisfied, then F is a continuous sheaf whose stalk at x is G x . Conversely, any continuous sheaf of abelian groups on [0, 1] is obtained in this manner, up to an isomorphism.
Proof. For the sake of simplicity we assume that V consists of all nondegenerate closed subintervals of [0, 1] . (⇒) F is clearly a presheaf. To compute its stalks, we observe that the canonical map F x → G x is surjective by the condition (ii) and injective by the condition (iii). Let 0 < a < b ≤ 1. We are going to show that the canonical map
The general continuity of F is verified by similar arguments. Let f ∈ F [a, b] . By the condition (ii) there is g ∈ F[a − 1/n, a + 1/n] for some n such that g(a) = f (a). By the condition (iv) the restriction g to [a − 1/n, a] glues with f to give rise to an element h ∈ F[a − 1/n, b] whose restriction to [a, b] is equal to f . Thus θ for some m ≥ n. Therefore θ is injective.
(⇐) Given a continuous sheaf S on [0, 1] we set G x = S x . For U ∈ V and s ∈ S(U ) we defineŝ ∈ x∈U G x byŝ(x) = π x (s) and set F(U ) = {ŝ : s ∈ S(U )}. We leave it for the reader to verify that the family {F(U )} satisfies the conditions (i) through (iv) and that the correspondence S(U ) → F(U ) is bijective.
Let A be a continuous field over X. For any closed subset X of X, the restriction of A to X is a continuous field of C*-algebras over X . Denote by A(X ) the C*-algebra of this continuous field. Then there is a canonical *-homomorphism π X X : A(X) → A(X ). Let U be a basis for the topology of X consisting of closed subsets. If we set S(U ) = K 0 (A(U )), with restriction maps
S is a presheaf on U. Sometimes we will write S(U ) = K A (U ). If A is a one-parameter continuous field of C*-algebras with trivial K 1 -group, and U consists of non-degenerate closed subintervals, then S is in fact a sheaf on U by Proposition 4.1 of [2] . In this case, we shall refer to it as the K 0 -sheaf of A. This is the invariant to be studied in this paper. See Section 4 of [2] for a background discussion.
A classification of continuous fields of AF-algebras
Let A be a separable unital continuous field of AF-algebras over [0, 1] . Since finite dimensional C*-algebras are semiprojective, we can use the same arguments as in [2] to show that A is an inductive limit of continuous fields of finite dimensional C*-algebras, with finitely many singularities.
3.1. Basic building blocks. We study certain elementary unital continuous fields of finite dimensional C*-algebras which serve as basic building blocks in the study of continuous fields of AF-algebras.
For the sake of brevity let us refer to the above cover as {Y, Z}.
Let
be finite dimensional C*-algebras, and let {γ i,i :
i=0 be two sets of unital *-monomorphisms. One can form two simple continuous fields by setting
Let G denote the restriction of E to Y ∩ Z and let π : E → G be the corresponding restriction map. There is a unital *-homomorphism η : F → G defined by
We then can define a unital continuous field P D with finitely many singularities, as the pull-back of the diagram D:
More precisely, P D is defined by
Since the maps γ i,j are unital and injective, P D is a unital continuous field of finite dimensional C*-algebras over [0, 1] which has F i as fibres on Z i , and has E i as fibres on
Moreover, it is locally simple except possibly at the singular points {a 1 , · · · , a 2m }. As in [2] , a diagram D as above is called admissible. If A is a continuous field of C*-algebras over [0, 1], we denote by DA the diagram
whose pull-back is isomorphic to A. Note that in order to simplify notation we denote by the same symbol π the various restriction maps such as
which induces a *-isomorphism A → P D . We call ι : DA → D a fibred presentation of A. Let A and B be two unital continuous fields of C*-algebras with A elementary. A fibred morphism Φ from A to B consists of a fibred presentation of A, ι : DA → D, together with unital morphisms of continuous fields φ Y , φ Y ∩Z , φ Z such that the following diagram commutes
A fibred homomorphism induces a morphism of continuous fieldsΦ : A → B. Denote by Hom D (A, B) the set of all fibred homomorphism from A to B corresponding to a given fibred presentation of A, ι : D A → D.
3.2.
Inductive limit decomposition. Finite dimensional C*-algebras are semiprojective, [4] . Using this fact, one can get inductive limit decompositions for continuous fields of AFalgebras, by arguments similar to those of Theorem 6.1 and Theorem 6.2 of [2] . Let A be a C*-algebra. Let a ∈ A and F, G ⊂ A. For ε > 0, we write a ∈ ε F if there is b ∈ F such that ||a − b|| < ε, and write F ⊂ ε G if a ∈ ε G for any a ∈ F. Proof. We shall find points 0 = a 0 < a 1 < · · · < a 2m+1 = 1 and finite dimensional C*-
If A 1 is the pull-back of the map φ and ψ, and D is defined by
where G = E(Y ∩ Z) and η is obtained as the composition
, then as in [2] , there is a fibred homomorphism Φ ∈ Hom D (A 1 , A) induced by the pair φ, ψ, which satisfies the theorem. We are going to construct E, F, φ and ψ. For any x ∈ [0, 1], since A(x) is a unital AFalgebra, there is a finite dimensional unital sub-C*-algebra F x ⊂ A(x) such that π x (F) ⊂ ε/4 F x . Let H be a finite subset of F x such that for any a ∈ F there is h a ∈ H such that ||h a − π x (a)|| < ε/4. Since F x is semiprojective and since A is a continuous field, there is a closed neighbourhood U x of x and a fibrewise injective unital *-homomorphism η x : F x → A(U x ) such that ||π x η x (h) − h|| < ε/4 for any h ∈ H. Therefore, we have that ||π x (η x (h a )) − π x (a)|| < ε/2 for all a ∈ F. Since A is a continuous field of C*-algebras, after passing to a smaller neighbourhood, we have that ||η x (h a ) − π Ux (a)|| < ε/2 for any a ∈ F. In particular,
By compactness of [0, 1], there are points 0 = y 0 < y 1 < · · · < y m = 1, finite dimensional C*-algebras F j (0 ≤ j ≤ m − 1), fibrewise injective unital *-homomorphisms η j : F j → A[y j , y j+1 ], and finite sets F j of F j such that
Since each F j is a finite dimensional C*-algebra, there exist finite subsets G j ⊂ F j and δ j > 0 such that for any fibrewise injective unital *-homomorphism φ from F j to a unital C*-algebra B with φ(G j ) ⊂ δ j B where B is a unital sub-C*-algebra of B, there is a fibrewise injective unital *-homomorphism ψ from F j to B with ||φ(a) − ψ(a)|| ≤ ε/2 for any a ∈ F j .
Repeating the argument from above for each fibre A(y i ), there are mutually disjoint closed intervals
, such that Y i is a neighbourhood of y i , and such that there are finite dimensional C*-algebras E i and fibrewise injective unital *-homomorphisms φ i :
for any i and j ∈ {i − 1, i}. Consider the continuous field
to (necessarily injective) morphisms of continuous fields of C*-algebras, and define φ, ψ as above. Then φ, ψ, Y and Z satisfy the requirements at the beginning of the proof, as desired.
The theorem above gives us a local approximation of continuous fields of AF-algebras by elementary fields of finite dimensional C*-algebras. Using the same arguments as in the proof of Theorem 6.2 of [2] , one can prove the following semiprojectivity property for elementary continuous fields of finite dimensional C*-algebras: Let D be an admissible diagram with components E i and F j finite dimensional C*-algebras and based on a closed cover Y, Z and X. Let
be a commutative diagram with vertical maps unital morphisms of continuous fields of C*-algebras. Then, for any finite sets F E ⊂ E, F F ⊂ F and any ε > 0 there are finite sets G E ⊂ E, G F ⊂ F and δ > 0 such that for any sub-continuous-field C*-algebra B ⊂ A with
such that ||φ(e) − φ (e)|| < ε for all e ∈ F E and ||ψ(f ) − ψ (f )|| < ε for all f ∈ F F . The proof of the above property is a repetition of the proof of Theorem 6.2 of [2] , and we omit it here. With this semiprojective property together with Theorem 3.1, we have the following inductive limit decomposition theorem. There are an inductive system (A k ) of unital elementary continuous fields of finite dimensional C*-algebras and unital fibred morphisms Proof. By Theorem 3.1, A can be approximated locally by elementary continuous fields of AF-algebras. These approximating fields have stable rank one as seen by applying [5] to various extensions of stable rank one C*-algebras. It follows that A[a, b] also has stable rank one.
The following lemma plays role similar to that of Corollary 3.3 of [2] .
Lemma 3.4. Let A be a finite dimensional C*-algebra. Let B be a unital continuous field of AF-algebras over Z = [z 1 , z 2 ]. Suppose that there are unital continuous field morphisms φ, ψ : C(Z, A) → B, and unitaries u i ∈ U(B(z i )) and v ∈ U(B) satisfying
Then, for any finite subset F ⊂ C(Z, A) any ε > 0, there is u ∈ U(B) such that u z i = u i and
Proof. Since ψ and φ are continuous field morphisms, we may assume that F is in the unit ball of A. From the given assumptions we deduce immediately that
Consider the end-point z 1 and let z ∈ (z 1 , z 2 ). The relative commutant R of the finite dimensional algebra ψ 
defines a unitary u in B such that and
Repeating the same argument at the end-point z 2 , we obtain a unitary u with similar properties. Then w = u u is a unitary in B such that
and
Consider the unitary u = vw ∈ U(B). We have that u z i = u i , i = 1, 2, and
for any a ∈ F, as desired.
Lemma 3.5. Let A be a finite dimensional C*-algebra and let D be a AF-algebra. Let B be a unital C*-algebra with cancellation of projections and let π : B → D be a surjective *-homomorphism. Let σ : A → D be a unital *-homomorphism. Suppose that there is a positive morphism α :
and π * α = σ * . Then there is a unital *-homomorphism ϕ : A → B such that ϕ * = α and πϕ = σ.
Proof. Since A is finite dimensional and since B has cancellation of projections there is a unital *-homomorphism ψ : A → B such that ψ * = α. Therefore (πψ) * = σ * . Since D is AF, we must have πψ = u σ u * for some unitary u ∈ U (D). Since u is homotopic to 1 D in U (D), u lifts to a unitary v ∈ U (B). We conclude that ϕ = v * ψ v is the desired lifting of σ.
By a fibred K 0 -morphism from A to B, corresponding to a given fibred presentation ι : DA → D of A, we mean a triple of positive maps
, such that these maps preserve the class of the units and the following diagram is commutative:
Let us summarize the above diagram by the notation
The set of fibred K 0 -morphisms from A to B corresponding to a given fibred presentation
, we have the following existence and uniqueness theorem. Proof. By assumption, the components of α are such that
Let α E i and α F j denote the corresponding components of α Y and α Z . Also let α i,j :
Since the fibres of B are AF-algebras, there are unital *-homomorphisms ψ i,j :
has cancellation of projections. Therefore by Lemma 3.5 there is a unital *-homomorphism ψ E i : E i → B(Y i ), which then can be extended to a morphism of continuous fields
Arguing in a similar way, for each Z j there is a unital morphism ψ F j : C(Z j , F j ) → B(Z j ) which extends simultaneously the maps ψ j,j • η j,j and ψ j+1,j • η j,j+1 , and
is the desired lifting of α. We now show the uniqueness part of the theorem. Let Ψ and Φ be as in the statement, and use the same notation for each component of Ψ and Φ. Since E i is a finite dimensional C*-algebra and the range C*-algebras have cancellation of projections, φ E i and φ F j are unitarily equivalent to ψ E i and ψ F j respectively. Denote by u i ∈ B(Y i ) and v j ∈ B(Z j ) the intertwining unitaries. Their restrictions to Y i ∩ Z j may not equal. But this can be handled in the same way as the argument of Theorem 8.1 of [2] with Lemma 3.4 playing the role of Corollary 3.3 of [2] . This gives the uniqueness part of the theorem.
With the decomposition theorem 3.2, and the existence and uniqueness theorem 3.6, we have the following classification theorem. 
where φ i,i+1 is the restriction homomorphism from the abelian group S[a i , b i ] to the abelian group S[a i+1 , b i+1 ], and lim
) in the category of countable abelian groups. 
Proof. This follows from the usual stability properties of projections since the C*-algebra A[a, b] is isomorphic to the inductive limit C*-algebra lim
Let A be a continuous field of C*-algebras over [0, 1] , and denote by
Then the representation Φ is faithful. In other words, for any
Proof. Since K 1 (A(x)) = 0 for all x, the K 0 -presheaf of A is in fact a sheaf by Proposition 4.1 of [2] . 
Since the projections p and vqv * assume the same value in A(b), they glue together to a projection e ∈ A[a, c] with the desired properties.
This lemma together with the fact that any continuous field of AF-algebras has stable rank one (therefore, any positive element in K 0 -group comes from a projection) shows that the ordered K 0 -presheaf is a sheaf of ordered groups (see also Lemma 3.3). Moreover, we have that Proof. It is simple to verify that if f is positive then Φ(f ) is pointwise positive. Thus it suffices to prove the converse.
Write
Since A is a continuous field, there exist a neighbourhood U x of x and a partial isometry v in M m (A Ux ), such that
from which it follows that π Ux (p 2 ) is unitarily equivalent to vv * and
Therefore, there is a projection in the hereditary sub-C*-algebra of M m (A(U x )) generated by the projection π Ux (p 1 ) which is unitarily equivalent to v * v. Thus, π Ux (p 2 ) is Murray-von Neumann equivalent to a subprojection of π Ux (p 1 ). This proves the assertion. By the compactness of [0, 1], there is a partition 0 = a 0 < a 1 < · · · < a n = 1 and m such that there is a projection
some natural number n implies a ∈ G + . Note that any unperforated ordered group is torsion free (na = 0 ⇒ a ≥ 0; however na = 0 ⇒ n(−a) = 0 ⇒ −a ≥ 0). A unperforated ordered group with the Riesz decomposition property is referred as a dimension group. We say a morphism f : G → G of ordered groups is strictly positive if f (a) > 0 whenever a > 0.
Any totally ordered group has the Riesz decomposition property. Ordered K 0 -groups of AF-algebras are dimension groups. However, the ordered K 0 -group of a unital continuous field of AF-algebras may fail to have the Riesz decomposition property. For example, the splitting interval algebra Nevertheless, if the K 0 -group of each fibre C*-algebra is totally ordered, then the K 0 -group of the global C*-algebra is also totally ordered. In particular, it has the Riesz decomposition property. 
Since K 0 (A(x)) is totally ordered for any x, one has that U, V, W are mutually disjoint and In general, the map [π x ] is not injective as illustrated by the case of the splitting interval algebra mentioned. On the other hand, if A is a unital continuous field of stably finite C*-algebras, then the map [π x ] is always strictly positive.
Recall that a C*-algebra A is stably finite if for any projections e and f in a matrix algebra over A such that e ≤ f and e is Murray-von Neumann equivalent to f , one has e = f . 
Proof. Let v be a partial isometry in some matrix algebra over A such that vv If D is a diagram of ordered groups on [a, b], we denote by P (D) its pullback. With the above notation, P (D) consists of elements ((e i ) i∈I , (f j ) j∈J ) such that e i ∈ E i , f j ∈ F j , and ψ ji (f j ) = e i for all pairs of adjacent intervals Y i and Z j .
Via the operations of restrictions and pullbacks, each diagram D defines a continuous sheaf D of countable ordered groups on [0, 1]. Indeed, for each U = [a, b] ⊂ [0, 1] we set D(U ) = P (D U ). Then one verifies immediately that the restriction maps P (D U ) → P (D V ), defined for V ⊂ U by dropping from the collection ((e i ) i∈I , (f j ) j∈J ) those elements e i and f j for which Y i and respectively Z j does not intersect V , satisfy the required properties.
If S is a sheaf of ordered groups on [0, 1], we denote by S| C its restriction to C. Let α : D → S| C be a morphism of functors. In other words we have a commutative diagram
Then α induces a morphism of sheaves α : D → S. Indeed for each U ⊂ [0, 1] as above α induces a morphism α U : D U → S| C U . Recall that the objects of C U are of the form X ∩ U where X is an object of C. The component of α U corresponding to the object X ∩ U is
By passing to pullbacks α U gives a morphism of groups α U : D(U ) → S(U ).
Inductive limit representations of sheaves. A morphism of ordered groups α :
G → H is called strictly positive if α(g) > 0 whenever g > 0.
Definition 5.1. A sheaf S of ordered groups is called strictly positive if for any closed interval Z and any point z ∈ Z, the morphism π z : S(Z) → S z is strictly positive. An elementary diagram of finitely generated dimension groups is called strictly positive if all its morphisms are strictly positive. With notation as in (5.1), this means precisely that all the morphisms ψ ji : F j → E i are strictly positive.
Throughout the remainder of this section we shall assume that S is a continuous and strictly positive sheaf of countable ordered groups on [0, 1] and that its stalks are dimension groups. Moreover we shall assume that S is pointed in the sense that a positive nonzero element ν ∈ S[0, 1] has been chosen.
Let us recall that any finitely generated dimension group is isomorphic to Z k for some k ≥ 0. 
commutes, and for each X ∈ C which does not reduce to a point,
is a simple interpolant of π X ι for some point x ∈ X.
We say that an interpolant is open if the simple interpolants that correspond to the initial component 
Proof. Since G is finitely generated, we may assume that G = Z n , for some n, with the usual order. Since S and ι are strictly positive, the homomorphism π x ι : G → S x is also strictly positive. Since S x is a dimension group, by Theorem 3.1 of [7] , there are a finitely generated dimension group F and strictly positive homomorphisms θ : G → F , η : F → S x such that the diagram
commutes and Ker(π x ι) = Ker(θ). Using the definition of S x , we find a closed neighbourhood V of x in [a, b] such that the map η lifts to a positive homomorphism η : F → S(V ). Moreover, since G is finitely generated, there is closed interval Z ⊂ V with x ∈Z such that the restriction of ηθ − π V ι to Z vanishes. We conclude the proof by replacing η by π Z η and observing that this map must be strictly positive since it is a lifting of a strictly positive map η and since S is strictly positive.
Remark 5.4. Let (G, Z, z, θ, η, F ) be a simple interpolant for ι : G → S(Z) as in Definition 5.2. Arguing as in the proof of Lemma 5.3 and using the continuity of S one verifies immediately that there is a closed neighbourhood Z ε of Z and strictly positive liftings ι ε : G → S(Z ε ) and η ε : F → S(Z ε ) of ι and η such that (G, Z ε , z, θ, η ε , F ) is a simple interpolant of ι ε . This is called a local extension of the given interpolant.
Lemma 5.5. Let C be an elementary cover of [x , x] and let C r be an elementary cover of
be two open interpolants, and let G be a finitely generated dimension group with strictly positive homomorphisms α : G → G and α r : G → G r such that π x ι α = π x ι r α r .
There exists an open interpolant 
is an interpolant for all nondegenerate intervals X of C.
Proof. We are going to describe a procedure for gluing the two given open interpolants. Since this procedure is local, we may assume without loss of generality that the interpolants (5.2) and (5.3) are simple. Denote by V = [x , x] and V r = [x, x r ]. Using our earlier notation, the two simple interpolants for ι and ι r are
where z < x < z r by the openness assumption. These interpolants admit local extensions across x corresponding to a common ε > 0, as noted in Remark 5.4. Let us set
. By Lemma 5.3, after shrinking ε if necessary, there is a simple interpolant (F ⊕ F r , V, x, γ, η H , H) for ι ε , where V = [s , s r ] and x < z < s < x < s r < z r < x r . Denoting by γ and γ r the restrictions of γ to F and F r respectively, we have the following commutative diagram:
We define a cover C of [ Next we define a morphism of functors η : D → S| C by
We need to check that η is a morphism of functors. That reduces to the following equalities:
In the same way, one verifies that the restrictions of η to
These two interpolants are assembled together in the following diagram:
This proves the first part of the lemma. For the second part, because of the locality of our construction, we may also assume that the interpolants (5.2) and (5.3) are simple. Suppose now that D 1 is a diagram as in the statement. The morphism of functors
Since π x ι µ ψ(g r ) = π x ι r µ r (g r ) for any g r ∈ K r , we obtain that π x η θ µ ψ(g r ) = π x η r θ r µ r (g r ) for any g r ∈ K r , and hence π x ((η ) ε ⊕ (η r ) ε )(θ µ ψ(g r ), −θ r µ r (g r )) = 0. Since (F ⊕ F r , V, x, γ, η H , H) is a simple interpolant, we have that γ(θ µ ψ(g r ), −θ r µ r (g r )) = 0, and hence γ θ µ ψ = γ r θ r µ r . Therefore, we have the following commutative diagram:
In fact, the diagram expands to the larger diagram 
Proof. By applying Lemma 5.3 and using the compactness of [a, b] we find points a = y 0 < · · · < y m = b and open simple interpolants
Then we glue together the simple interpolants I(k), k = 1, ..., m by applying the first part of Lemma 5.5. Proof. We shall construct inductively a sequence of elementary diagrams (D n ) with covers (C n ) of [0, 1] and morphisms Ψ n,n+1 : D n → D n+1 and Ψ n,∞ : D n → S| Cn Ψ n+1,∞ •Ψ n,n+1 = Ψ n,∞ such that the induced map
is an isomorphism of sheaves. Then one lifts each D n to a diagram D n of finite dimensional C*-algebras and each morphism Ψ n,n+1 to Ψ n,n+1 ∈ Hom D n (D n , D n+1 ), as in Subsection 3.1. In other words, K 0 (D n ) = D n and K 0 (Ψ n,n+1 ) = Ψ n,n+1 . The unital morphisms γ i,j (of D n ) are liftings of strictly positive maps and hence they are injective. Therefore the pullbacks A n of D n are unital continuous fields. By continuity of K-theory it follows that the K 0 -sheaf of lim − → (A n , Ψ n,n+1 ) is isomorphic to S. Let us now turn to the construction of D n , Ψ n,n+1 and Ψ n,∞ . By an elementary set theoretic argument, there is a sequence of rational intervals [a n , b n ] in [0, 1] and for each n ≥ 1 a positive element s n ∈ S[a n , b n ] such that for each interval [a, b] with rational endpoints and each positive element s ∈ S[a, b], there is n ≥ 1 such that [a, b] = [a n , b n ], and s = s n .
The diagrams D n and the various morphisms are constructed inductively such that [a n , b n ] is a union of components of C n , all the components of C n have length ≤ 1/n, and for each n and each nondegenerate interval X ∈ C n+1 , the commutative diagram
is an interpolant. Moreover we arrange that s n+1 is in the image of Ψ n+1,∞ .
To construct D 1 we apply Lemma 5.6 to ι 1 : Suppose now that D 1 ,...,D n and the morphisms Ψ j,∞ , 1 ≤ j ≤ n and Ψ j,j+1 , 1 ≤ j < n were constructed. We must construct D n+1 and the morphisms Ψ n,n+1 and Ψ n+1,∞ .
Let C n be a refinement of C n such that [a n+1 , b n+1 ] is a union of components of C n . Let us denote by X k the components of C n which are not points and set
Applying Lemma 5.6, we obtain an interpolant
Moreover, by the second part of Lemma 5.5, there is a morphism Ψ n,n+1 : D
We must show that the map Λ is bijective. The surjectivity is verified as follows. It suffices to show that for any n, one has that s n ∈ Im(Λ). But this is clear since s n ∈ Im( Φ n,∞ ) by construction.
Let us now verify that Λ is injective. 
, for some 0 < ε < δ, where X k and X k+1 are consecutive intervals in the elementary diagram C n of D n .
The restriction of s to X k ∪ X k+1 is of the form (f k , f k+1 ) , where
= k, k + 1, since C n+1 is finer than C n . Therefore Ψ n,n+1 (f i ) = 0 for i = k, k + 1 and hence Ψ n,n+1 (s) is zero on the interval X k ∪ X k+1 which contains [x − ε, x + ε].
Therefore, the map
is an isomorphism. For a given nonzero element ν ∈ S[0, 1] + , we can assume that there are nonzero elements ν n ∈ D n [0, 1] + such that the sequence (ν n ) is sent to ν. Then, one lifts each diagram D n to an elementary diagram D n of finite dimensional C*-algebras with [1 An ] = ν n where A n is the pullback of D n , and lifts each morphism Ψ n,n+1 to Ψ n,n+1 ∈
) is a continuous field of AF-algebras, and satisfies the requirements of the theorem.
5.3. K 0 -sheaves of one-parameter continuous fields of certain Kirchberg algebras. Let C denote the class of Kirchberg algebras satisfying the UCT with torsion free K 0 -group and trivial K 1 -group. The separable unital continuous fields of C*-algebras on [0, 1] with fibres in C are shown to be classified by their K 0 -sheaves pointed by the class of the unit; see [2] .
In analogy with Theorem 5.7, we have the following Effros-Handelman-Shen type theorem for this class of continuous fields: (x) ) denotes the size of the matrix algebra A(x), i.e., dim(M n (C)) = n for any natural number. We shall use the same notation in the rest of the paper. 
then g = nf U ∪V for some integer n > 0. Using Proposition 2.4 one verifies immediately that the ordered groups S(U ) = Zf U , and the maps φ U V : In the second part of the proof we show that a sheaf S defined by a family (f U ) U ∈V satisfying the conditions (i), (ii) and (iii) is uniquely determined by the d-continuous function α := f [0, 1] . For x ∈ [0, 1] let U be a neighbourhood of x given by (ii) such that f U (x) = 1. By (i) we have that α| U = nf U for some integer n and hence that α| U = α(x)f U . It follows that α(x) divides all numbers α(y) for y ∈ U and so α is d-continuous. For U ∈ V let d U denote the greatest common divisor of the elements of the set α(U ), d U = gcd(α(U )). We assert that
First we show that
Arguing as above we find 0 = a 1 < a 2 < ... < a m = 1 and points
, it follows by the condition (iii) that the sections k i f U i glue together to a global section g which satisfies α = dg. Since α is the generator of S[0, 1] = Zα we must have d = 1. Arguing in a similar way one shows that gcd(f U (U )) = 1 for all U ∈ V. By the condition (i) for each U there is n such that α| U = nf U . Therefore d U = gcd(α(U )) = gcd(nf U (U )) = n which proves (6.1).
In the last part of the proof we show that each d-continuous function f : [0, 1] → N * defines a sheaf S as above given by a family of functions (f U ) U ∈V satisfying the conditions (i), (i) and (iii). To that purpose we set α = f gcd(f [0, 1] and let the functions f U be defined by (6.1). Equivalently,
To verify (ii) let us note that for x ∈ [0, 1], by the d-continuity of α there is a neighbourhood U of x such that α(x) divides all the elements in α(U ) and hence α(x) = d U .
Therefore f U (x) = 1. To verify (iii), suppose that pf U (b) = qf V (b) for some p, q ∈ N * . By (6.1) this implies that pd V = qd U and hence pr = qs where d V = rd U ∪V and d U = sd U ∪V , since d U ∪V = gcd{d U , d V }. It follows that s divides p, since r and s are relatively prime and hence n = p s ∈ N * . Therefore if g is given by the same formula as in (iii), then for
and similarly g(x) = nf U ∪V (x) for x ∈ V . Given f A as in the statement we set f 
and define an increasing sequence (A k ) of unital continuous fields on [0, 1] as follows. Set
with the convention that E 0 = ∅. Then the completion of ∞ k=1 A k is a unital continuous field of matrix algebras with dimension function f A = f . It is also clear that the isomorphism classes of unital separable continuous field of matrix algebras over [0, 1] are in bijection with pairs of sequences (E k ) k , (n k ) k of the same length (finite or infinite) where E 1 ⊂ E 2 ⊂ . . . are closed sets whose union is equal to [0, 1] and each number n k ∈ N * divides its successor n k+1 .
A dimension function f A is not necessarily bounded. Indeed if we set I 0 = [
is d-continuous and unbounded. With the notation from above, E k = I 0 ∪ ... ∪ I k−1 . Nevertheless, f A must be constant on some open set as is shown by the following proposition.
Proposition 6.3. For any unital separable continuous field of matrix algebras over a compact metrizable space X, there is a closed subspace U of X with nonempty interior such that the restriction of the field to U is the trivial field.
Proof. Let A be a field as in the statement with unit e. Define f : X → N * by f (x) = rank(e(x)) = dim(A(x)). We assert that this map is d-continuous. Indeed, fix x and set n = rank(e(x)). If q x is a minimal projection of A(x), then q x lifts to a projection q ∈ A(U ) for some closed neighbourhood U of x such that π U (e) is equivalent to n · q in matrices over A(U ) and so f (y) is divisible by n = f (x) for all x ∈ U .
For any natural number n, define E n := {x ∈ X : f (x) ≤ n}. The set E n is closed by the d-continuity of f and X = ∞ n=1 E n . It follows by the Baire category theorem that there is n such that (E n ) • = ∅. Consequently, after restricting A to a closed subspace of X with nonempty interior, we may assume that the function f is bounded. If n = max f (X), then the set F n := {x ∈ X : f (x) = n} is nonempty and open since we also have F n = {x ∈ X : f (x) > n − 1}. Let Y be a closed subspace of F n with nonempty interior. Then A(Y ) is a separable unital continuous field with all fibres isomorphic to M n and therefore it is locally trivial by [9] . 6.2. Fields whose fibres are unital hereditary sub-C*-algebras of O ∞ . As a counterpart to continuous fields of matrix algebras in the stably finite case, we consider a special class of unital continuous fields of unital hereditary sub-C*-algebras of O ∞ , where O ∞ is the Cuntz algebra with K 0 (O ∞ ) ∼ = Z. For any integer n, let p n be a nonzero projection in O ∞ such that [p n ] = n, and denote by M n the unital hereditary sub-C*-algebra p n O ∞ p n . Note that the (K 0 (M n ), [1] 0 ) is then isomorphic to (Z, n). Up to isomorphism, these C*-algebras are the only nonzero unital hereditary sub-C*-algebras of O ∞ . Since K 0 (O ∞ ) ∼ = Z, we can again represent the K 0 -sheaf of a continuous field C*-algebra as integer valued functions, and have the following result of Effros-Handelman-Shen type. For each U , let S(U ) be a set of maps from U to Z satisfying the following conditions:
(2) For any x ∈ [0, 1] there is a neighbourhood U ∈ U of x and there is f ∈ F(U ) such that f (x) = 1; (3) For any U ∈ U and f ∈ F(U ), the null set of f , null(f ) = {x ∈ U : • is closed and nonempty since ∂(null(p)) ⊂ null(p n ) for all n by Lemma 7.1 and therefore ∂(null(p)) ⊂ E. Lemma 7.2. For any p n , the (relatively) open set null(p n ) E is dense in E.
Proof. Fix n. For any x ∈ E and V an open interval containing x we shall show that null(p n ) E ∩ V = ∅. If x ∈ E • , then there is an open interval (a, b) containing x such that (a, b) ⊂ V ∩ E. On the other hand, x ∈ null(p n ) by the definition of E and hence null(p n ) ∩ (a, b) = ∅. Thus null(p n ) E ∩ V = ∅ since (a, b) ⊂ E ∩ V .
If x / ∈ E • , then V intersects nontrivially the complement of E and hence V ∩supp(p m ) • = ∅ for some m. Since x ∈ E, x ∈ null(p m ) and hence V ∩null(p m ) = ∅. Since V is connected, we cannot have V ⊂ null(p m ) ∪ supp(p m ) • and so V ∩ ∂(null(p m )) = ∅. Therefore, in order to show that x is in the closure of null(p n ) E, it is enough to show that any point y in any boundary set ∂(null(p m )) can be approximated by points in null(p n ) E. We distinguish two cases in this situation. Case 1. p n (y) = 0. Then y ∈ null(p n )∩∂(null(p m )) ⊂ null(p n ) E since ∂(null(p m )) ⊂ E by Lemma 7.1.
Case 2. p n (y) = 0. Since y ∈ E ⊂ null(p n ) and hence x ∈ ∂(null(p n )), there is a sequence (c k , d k ) of maximal open subintervals of null(p n ) such that either the sequence c k is nonincreasing and converges to y or the sequence d k is nondecreasing and converges to y. Let us assume that we are in the first situation with c k y. The other situation when d k y is treated similarly. Set e k = c k +(d k −c k )/k. Suppose that (c k , e k ) in contained in E for infinitely many indices k. Then the midpoints y k of the corresponding intervals (c k , e k ) form a sequence of points in null(p n ) ∩ E which converges to y. Therefore we may assume that each (c k , e k ) intersects nontrivially the complement of E. Thus there is a sequence n(k) such that (c k , e k ) supp(p n(k) ) • = ∅. We also have (c k , e k ) null(p n(k) ) = ∅ by Lemma 7.1. Since (c k , e k ) is connected there is y k ∈ (c k , e k ) ∂(null(p n(k) )) ⊂ null(p) E. Since each of the sequences c k and e k converges to y so does y k .
The following two results apply to the K-theory sheaf of a separable continuous field of C*-algebras over [0, 1] with all fibres stably isomorphic to O ∞ . Proof. The lemma above, together with the Baire Category Theorem, shows that the set n (null(p n ) ∩ E) = ( n null(p n )) ∩ E = null(S) ∩ E is dense in E and hence nonempty. In particular, null(S) is nonempty and for each p, ∂(null(p)) ⊂ E = null(S) ∩ E ⊂ null(S). Proof. Denote the complement set of null(S) by supp(S). Note that x ∈ supp(S) if and only if there is p ∈ S[0, 1] such that p(x) = 0. In order to prove the lemma, it is enough to prove that if x ∈ [0, 1] and if there exist an increasing sequence {x n } and a decreasing sequence {y n } in supp(S) both convergent to x, then x ∈ supp(S). Let us assume that 0 < x < 1. If x = 0 or x = 1, only one of these sequences will be considered.
Let {p n } and {q n } be sequences in S[0, 1] such that p n (x n ) = 0 and q n (y n ) = 0. We are going to construct p ∈ S[0, 1] such that p(x) = 0. Since the stalk of S at x is nonzero, there is a closed subinterval V = [α, β] with x ∈ V • and an element p V ∈ S(V ) such that p V (x) = 0.
On the other hand, we may assume that p n (x) = 0 for any p n . Otherwise, one of the {p n } will be the desired element. By Corollary 6.4, for each p n , the set null(p n ) is open. Denote by U n the maximal open subinterval of null(p n ) containing x. Then U n = (a n , b n ) or U n = (a n , 1]. Since p n (x n ) = 0, we have that x n / ∈ U n and hence x n ≤ a n . Since x n converges to x, there is n such that x n ∈ V . Therefore, [a n , β] ⊂ V . By Lemma 7.1, there is c n ∈ (a n , x) such that p V is zero on (a n , c n ]. By Corollary 6.4, we can glue the restriction of p V to [ The cases x = 0 and x = 1 are treated in a similar way.
